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An algorithm for suboptimal control of nonlinear unconstrained systems is developed. The 
result is closed loop, uses the familiar linear-quadratic optimol approach, and minimizes 
computational time and effort. Numerous examples are presented. 

A vast flow of recent publications deals with the theo- 
retical details of the optimal control of dynamical systems. 
However, the application of these theories has lagged be- 
hind the theory because of the difficulty of implementing 
the algorithms and the uncertainties in the actual specifica- 
tion of the system models. 

In this first paper we shall develop the computational 
features of the suboptimal control of nonlinear systems 
with essentially quadratic indices. Such a development 
has the advantages of minimizing computational time 
and effort, of using the well-developed linear-quadratic 
(L-Q) control problem, of being able to include con- 
straints in almost any form, and of generating a feedback 
or closed-loop type of control. The disadvantage of this 
approach is that optimal control is rarely achieved. As 
shall be pointed out in many numerical examp!es, how- 
ever, this disadvantage is not a serious one. 

We shall also outline algorithms for achieving subopti- 
mal control of nonlinear dynamical systems with quadratic 
indices when constraints are not present. To allow for the 
inclwion of constraints, Part 11, which follows, will specify 
a means of solving the L-Q optimal control problem with 
control and state constraints. These new results can then 
be used to generate suboptimal control of nonlinear con- 
strained systems with quadratic indices. 

The number of publications in the suboptimal control 
area is small but growing rapidly. McClamroch (11) ob- 
tained suboptimal control policies as a modification of 
those for related processes with known optimal policies. 
To achieve suboptimal control, Friedland (7) ,  Rubin 
( 1 7 ) ,  Kokotovic and Sannuti (9) and Meditch (12) in- 
volved a reduction of the system dimension or a partition- 
ing of the system. Paradis and Perlmutter (13), Brosilow 
and Handley (3), and Chant and Luus ( 5 )  used an in- 
stantaneous minimization of the control criteria. 

Suboptimal control was also obtained by Eller and Ag- 
garwal (6) who used a special form of linearization and 
by Pearson ( 1 4 ) ,  Westcott et al. ( 2 1 ) ,  and Baldwin and 
Sims-Williams (2) who used another form of linearization. 
Thiriet and Deledieq (19) analyzed a special ordering of 
suboptimal control policies. Burghart ( 4 )  considered the 
suboptimal linear regulator with parameter variations 
while Seinfeld and Kumar (18) considered the suboptimal 
control of distributed systems. We do not consider here 
these optimal iterative techniques which approach but do 
not achieve optimality because of premature termination 
of the iterations. 

T H E  DISCRETE L-Q O P T I M A L  C O N T R O L  PROBLEM 

Because of their importance to this work, we include 
the necessary final results of the discrete L-Q optimal con- 
trol problem; the explicit manipulations can be found in 
the literature (1 0 ) .  

Considering a fixed final time and a lumped-parameter 

deterministic dynamical system, we define the discrete 
L-Q optimal control problem as that sequence of discrete 
optimal control vectors uko,  k = 0, 1, 2, . . ., N - 1, such 
that the performance index 

N 

~ [ X O ,  N ]  = [XkT QXk -k U T k - i  R u k - 1 1  (1 )  
k = l  

is minimized subject to the system constraints of 

x k + l  = 9% -k A u k  (0 6 k l  N - 1) (2)  
xo given 

Here x k  is an n-dimensional vector (the state), u k  is an 1'- 
dimensional vector (the control), ep  is an n x n matrix, A 
is an n x r matrix and Q and R are n x n and r x 1' 
weighting matrices. Also, Z is a scalar function (perform- 
ance index), r is a sampling period, and k is an index 
locating x k  and u k  in the overall interval k = 0 to k = N 
- 1. No constraints are specified on x k  or u k .  

The interested reader may consult reference 10 for a 
detailed description of the implications and importance 
of the weighting matrices Q and R; that is, they are re- 
quired to be symmetric and positive semidefinite. There 
it is shown also that the solution to this problem is given 
by the recursive set of matrix equations 

K k - i  = [AT (Q + p k ) A  4- R 1 - l  AT ( Q  4- p k ) c p  

( k = N , A ' - l ,  . . .  1)  (3)  

P k - 1  = (9  - A K k - i ) T  ( Q  -t- P k ) q  

(k  = N ,  N - 1 , .  . . 1) (4) 
with a starting condition of 

P N  = 0 (5) 
and with an optimal feedback control of 

u k o  = - K kXk (k  = 0, 1 , .  . ., N - 1) (6) 

Briefly, Equations ( 3 )  to (4) are used by starting with 
the given condition (5)  ; with PN = 0 known, Equation 
( 3 )  can be used to generate K N - ~  and then (4)  to gen- 
erate P N - 1 .  These, in turn, generate in a backwards direc- 
tion K N - ~ ,  P N - ~ ,  K N ? ~ ,  P N - ~ ,  . . . until after N steps KO 
is achieved. The values of KO, K 1 ,  . . ., K N - ~  are then used 
in Equation (6) to generate the optimal controls in a feed- 
back sense, as x k  rather than just xo is used. This implies, 
of course, that when u k o  is available it may be used with x k  
in Equation (2) to generate x k  + 1. 

Thus, the solution to the discrete L-Q control problem, 
when cp, A, Q and R are constant matrices, involves a 
backwards pass using Equations (3) to (5)  to generate 
K k  and P k  and a forward pass using (2) and (6) to gen- 
erate x k  and u k o .  
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One special case is also of interest. When N becomes APPARENT LINEARIZATION 
large ana Q and R have the properties mentioned above, 
it is possible to show that Kk + K = constant matrix. In 
this case the optimal feedback equation becomes merely 

Uko = - KXk (7)  
and it is not necessary to store K N - ~ ,  K N - ~ ,  . . . . 

With these equations in hand, we should point out that 
the discrete system Equation ( 2 )  can be obtained directly 
from a linear continuous system form, namely 

x( t )  = A(t)x( t )  + B(t)u( t )  ( 8 )  

By treating Equation (8) as a piecewise constant coeffi- 
cient equation, that is by approximating A(t)  and B(t )  
with Ak = A(k7) and Bk = B(k7) for k = 0, 1, . . ., N - 
1, it may be solved directly to give 

X k f i  = QkXk + A k U k  (9) 
Q k  and A k  are defined as 

and 

When A and B and thus Q and A are constant, Equation 
(2) follows directly from Equation (9) .  In these equa- 
tions N = tf/7 where tf  is the final time of control; Q is 
termed the transition matrix, and it can be shown that Q is 
always nonsingular. 

All of this optimal control material is well known (8, 
10). However, these results are based on the simplifying 
assumptions of constant ep ,  A, Q, and R and are insuffi- 
cient for our purpose of suboptimal control. In fact, we 
will need to consider all four matrices as functions of k.  
When the weighting matrices Q and R are time varying, 
the performance index corresponding to Equation (1) is 

N 

I[xO, NI = 7 [XkTQkXk f UTk-lRk-lUk-lI (12) 
k = l  

By an argument of mathematical induction ( 2 0 )  we have 
shown that, even when Q, A, Q and R are time varying, 
the same recurrence relations as Equations (3) to (5) 
hold except that the subscript k must be added to all 
matrices. In other words, the sequence 

Kk-1 = [ A T k - i  (Qk + Pk)Ak--l 

+ Rk-1l-l A T k - l  (Qk + Pk)Qk-i 

( k  = N, N - 1,. . ., 1)  (13) 

Pk-i = (Qk-1 - Ak-iKk-ilT (Qk + pk)Qk-i 

with 
(k = N ,  N - 1,. . ., 1 )  (14) 

PN = 0 (15) 

yields the unique solution to the discrete L-Q optimal con- 
trol .problem even when the system matrices and the 
weighting matrices in the performance index are time 
varying. The arrays Pk are symmetric and positive semi- 
definite. The only requirements are that Qk and Rk be 
symmetric and nonnegative definite and that the array 

derivation is developed by the use of Bellman's principle 
of optimality and represents a contribution not previously 
presented in the literature. 

ATk-l(Qk + Pk)bk-l + Rk-1 be positive definite. This 

As the suboptimal algorithms to be mentioned shortly 
are to be applied to nonlinear dynamical systems as op- 
posed to the linear ones of Equations ( 2 )  or ( 8 ) ,  it is 
necessary to apply some type of linearization. The normal 
variational approach in which a nonlinear system of the 
form 

(18) 

(17) 

(18) 

.(t) = f(x, u, t )  

6 X ( t )  = fX6X + f,6u 

is converted via Taylor Series to 

01' 

6 x ( t )  = A(t)Gx + B(t)Gu 

is not employed for linearization. In Equations (17) and 
(18), 6x and 6u represent perturbations around a given 
x ( t )  and u(t ) ,  and f, and f, are derivatives of f with re- 
spect to x and u, respectively. Instead of using this varia- 
tional approach for linearization, we prefer to use a method 
proposed by Pearson ( 1 4 )  in which the original system 
equations are used although the selection of the coefficient 
matrices is not unique. Two examples briefly illustrate this 
method. In the first, Equation (18) is written as 

i i ( t )  = gi(x, u, t )  + k ( x ,  U, t )  +  pi(^ u, t )  ( i  = 1,2)  

(19) 
with at least 1 term nonzero. We now rewrite (19) as 

X i ( t )  = [ q x l  X1 + ["]x2 x2 + [:Iu (20) 

The coefficient matrices of the linearized system 

would be 
( 2 2 )  x = A(x, u, t ) x  + B(x, u, t )u  

By providing state and control trajectories, the dependence 
of A and B on x and u can be eliminated to yield A ( t )  
and B ( t ) .  

In the second example, consider the following special 
case of Equation (18) 

.(t) = [ 3 1 = [ x1x3 + exp (xg) - 1 + x ~ u Z Y ~  I xI'x2 + t(x2 + u2) + X3ul 

x2 + tanh x3 + ~ 3 ~ 2 2  

(24) 

(25)  
or 

x ( t )  = A(t)x( t )  + B ( t ) u ( t )  

where one of several possible choices of A ( t )  and B ( t )  is 

1 t 0 
0 

1 (tanh x3) /x3 
[exp (xg) - l ] /h .2  + u21/4 

(26) 

B( t )  = [ a  
x3uz 1 
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Note that 

and 

so the elements of A ( t )  and B ( t )  are well behaved. 
Note that this form of system rearrangement merely 

transforms the equations so that if x and u are specified 
the equations appear to be linear. Thus we refer to it as 
an apparent linearization. 

lim {[exp (xz) - l]/xz} = 1 
= P o  

lim [ (tanh x3)/x3] = 1 
23-0 

METHODS OF SUBOPTIMAL CONTROL 

Before detailing methods of suboptimal control, we 
should present some figure of merit or degree of subopti- 
mality for comparing suboptimal to optimal control. Here 
we use the figure of merit (which may not be as sensitive 
as desired) given by 

degree of suboptimality in % = ( - I yo" ) 100 (28) 

where Zo and I represent the optimal and suboptimal in- 
dices, respectively. The suboptimal control is perfect when 
the degree of suboptimality is 0 %. 

We have developed at least two noniterative suboptimal 
algorithms including the fixed final time (FFT) method 
and the infinite final time method (IFT).  One iterative 
method (ITER) will also be discussed because it has ap- 
plication in the constrained control case to be presented 
in Part 11. An understanding of all these methods can be 
obtained by examining how the FFT method develops uo. 
Given a nonlinear system equation of the form of (16),  
the apparent linearization is carried out to yield Equation 
(22) or (25).  For t = 0, the matrices in A and B are 
evaluated with uo = 0, i.e., 

A = A(xo, 0, 0 )  

B = B(xo, 0,O) 

This may be looked upon as using the assumed control and 
state trajectories 

u(t)  = 0 
(30) 

x( t )  = xo 
With these values of A and B, the dynamical equation 

can be put into the discrete-time form (2)  by the method 
of Equations (9)  to (11) .  Now we have the performance 
index of (12) and the system Equation (2)  forming a 
linear-quadratic control problem. This problem may be 
solved by using the equation sequence (13) to (15) to 
generate KO. In turn, uo is calculated from 

uo 1 - Koxo (31) 

(32) 

over t = 0 to t = T ,  the value of x1 = X ( T )  is generated. 
Note that this proecdure uses the apparent linearization to 
freeze the coefficient matrices in the dynamical equations 
and then the standard L-Q problem to generate the first 

The remaining N - 1 control vectors u k  for k = 1, 2, 
, . . , N - 1 are produced in the same manner as uo. Sup- 
pose X, = x (47)  has just been calculated; u, may then be 
evaluated by the sequence of steps of first calculating A 
and B at t = 97 with the uq-l just used to evaluate x,. In 
other words, this is equivalent to supplying the assumed 
control and state trajectories 

and then by integrating the nonlinear equation 

i ( t )  = f ( x ( t ) ,  uo, t )  

UO. 

to form 

u(t) = u*-1 

x(t)  = x, 
(33) 

(34) 

Secondly, one solves the new L-Q problem with the new A 
and B to generate K, and in turn 

uq = - K,x, (35) 

(36) 
is integrated from t = qr to t = ( 4  + 1). to generate 
% + l .  

According to this method, by stepping from one state to 
another until XN is calculated, it is possible to generate the 
entire state trajectory in one complete integration of the 
nonlinear system equation. No state and control trajec- 
tories have to be made available from another control 
method in order to initiate the calculations. 

This control is suboptimal for two reasons. First, each 
time a control vector is calculated, the nonlinear system 
is treated as a linear one. Because the nonlinearity is not 
taken into account, the control cannot be optimal. Fur- 
thermore, the linearization makes it impossible to deter- 
mine, at a given time step, a control policy from that time 
onward which is optimal with respect to the state at that 
time step. When applied to a true linear system with time- 
varying coefficients, the equivalent behavior can be 
achieved by pretending that the values of A and B are 
known only at the time corresponding to the state just 
calculated. 

In contrast to the method just described, the IFT 
method generates the feedback matrices K, as if the final 
time were infinite. In other words, the sequence of Equa- 
tions (13) to (15) is stepped backwards until K becomes 
constant. This constant matrix is then used in the preced- 
ing calculations. Note, however, that Q k  and R k  must be 
constant matrices to assure that a constant K is achieved. 
Also, every time the system equation is integrated forward 
one time step, A and B will in general change making it 
necessary to reevaluate K. 

Finally, we mention the ITER method which starts with 

an assumed control u ( t )  and subsequently calculated 

x ( t )  . The matrices A and B may now be treated as func- 
tions of time according to 

Finally, the system equation 

X(t)  = f ( x ( t ) ,  uq, t )  

A 

A 

A A  A h  
A ( t )  = A (  x,u,t);  B( t )  = B (  x , u , ~ )  (37) 

and the system equations of (9) developed directly. Now 
we have a complete L-Q problem again and the feedback 
matrices K N - ~ ,  KN-2, . . . , KO may be generated. These 
in turn yield directly UO, u1 . . . , UN-1 and XI, xz, . . . , X N .  

Thus, in the ITER method the control must be completely 
assumed, and a new suboptimal control is generated with 
only one solution of the L-Q problem. Obviously, the initial 
control sequence could be generated from one of the pre- 
vious noniterative suboptimal control methods and the 
iteration can be repeated any number of times desired. 

Test Problems 
In order to test the feasibility of the different subopti- 

mal control methods we have chosen a number of dynam- 
ical systems whose unconstrained control can be analyzed. 
These systems span the spectrum from the very simple to 
the complex, and only the final equations and the cor- 
responding A and B matrices will be presented. Further 
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TABLE 1. THREE SYSTEMS FOR UNCONSTRAINED CONTROL 

System 1 System 2 System 3 

In the dynamic equation of the form x = f (  x , t ) x  + u 

f ( x , t )  = - -Ht 2.5( l-0.08t)sin {4.0[( 1.0-0.lt)t + 0.11) + 0.25 

Linear L-Q problem with time 

Analytical solution available 

Linear L-Q problem with damped oscillatory 
varying coefficient efficient 

A( t )  = [ - F t  0 

B(t )  = I  I 

details can be found in Weber (20). 
In Table 1, each of the first three systems is shown to 

have two states, two controls, initial conditions of x ( 0 )  = 
[1 -115 and performance indices of the continuous 
quadratic form. While these three systems might be looked 
upon as special, the two final systems are of more direct 
chemical engineering interest. The first of these is the 
CSTR (continuous stirred-tank reactor) with proportional 
control of the reactor accomplished by regulating the flow 
of coolant through cooling coils. Details of the dynamical 
system equations have been presented by Aris and Amund- 
son (1) and Lapidus and Luus (10). In normalized di- 
mensionless terms, the system equations are given by 

21 = - (1  + exp E ) x l  - 0.5 (exp E - 1)  

iz = (exp E)xl - wxZ2 - (2  + 0.25w)x2 
(38) 

+ 0.5 (exp E - 1) + u 

where E = 25X2/(X2 + 2).  In addition 

-0.5 4 XI 6 0.5 
-0.25 -L ~2 . . .  for w = O  
-l/o 6 x 2  l / w  . . . for w > 4 (39) 

Here x1, xz, and u are the equivalent output concentra- 
tion, output temperature, and inlet temperature variables. 
w is a parameter such that when o = 0, the steady state 
solution of (38) yields one unstable and two stable equi- 
librium points; when w = 8.9, a single stable limit cycle 
exists; and when o = 20, a single stable equilibrium point 
exists. 

Equation (38) is linearized by the method of Pearson 
to yield the A and B matrices 

A ( x )  = 

-1.75 < u 

- (1  + exp E )  -0.5 (exp E - l ) / x z  

- oxz - (2  + 0.250) + exp E 

The initial condition x(0) on the state is a function of 

0 0 

the parameter o. In 
been used 

x ( 0 )  = [ 0.09] 
-0.04 

w = o  

co- 
Nonlinear problem 
Analytical solution 

available 

I 

particular, the following cases have 

-0.11118891 [ -0.151 
' [ 0.0323358 0.05 

w = 8.9 
(41) 

w = 8.9 and 20 

along with tf = 5 and 10 and T = 0.1. The performance 
indices used are the previous ones, but with Q = I and R 
as the scalar 1 (only one control variable). Optimal con- 
trol of this CSTR system is achieved by minimizing a con- 
tinuous-time performance index using the method of quasi- 
linearization detailed by Rothenberger and Lapidus (26). 

The final system investigated was a nonlinear absorber 
with six state and two control variables as detailed by 
Rothenberger (15) .  The normalized state equations are 

n.1 = {-  C40.8 + 66.7 (Mi + 0.08%1)] XI 

+ 66.7 ( M 2  + 0.08x2)x2}/Y1 + 40.8 ul/Yl 

jCi = (40.8xi-1 - [40.8 + 66.7 ( M i  + 0.08~Jl X+ 

+ 66.7 (Mi+l + O.O8Xi+l) xi+l}/Yi 

( i  = 2, 3, 4 ,5)  
(42) 

= C40.8~5 - [40.8 + 66.7 ( M 6  + O.o8X6)] x6}/Y6 

+ 66.7 ( M7 + 0 . 0 8 ~ ~ )  UZ/YS 
with 

Yi = (Mi + 0.16~i)  + 75 (i = 1, . . ., 6)  

The vector M is 

M =  

. 0.7358 
0.7488 
0.7593 
0.7677 
0.7744 
0.7797 

. 0.7838 

(43) 

Apparent linearization of these equations yields the A and 
B matrices 
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0.2 

X 2  
0. I 

" 
0 T 2r 3r 

TIME 
Fig. 1. x) vs. time, t, with areas under the curve delineated. 

and 

c 40.:/y1 

with 
A i i ( x i )  = - [40.8 + 66.7 ( M i  + 0.08~i)]/Yi 

( i  = 1, . . ., 6) 
Ai,i+l(xt xi+l)  = 66.7 (Mi+l  + O.O8xi+l)/Yi 

( i  = 1, . * ., 5 )  

Ai,i-i(%) = 40.8/Yi ( i  = 2, . . ., 6) 

The initial conditions associated with this system are given 
bY 

TIME 
Fig. 2. The L-Q discrete optimal control vs. the FFT suboptimal 

control for the first system: u l ( t )  vs. t. 

-0.0342 r -0.0619l 
-0.0837 

-0.1131 
'(O) = 1 -0.1004 1 (44) 

I -0.1224J 

Once again, the control objective is to minimize a quad- 
ratic index (with Q = I and R = I) with optimal control 
achieved via quasilinearization. Values of tf  = 10 and 20 
were used along with a T of 0.2. Whenever the absorber 
system is encountered, it will be understood that all times 
given are in minutes. 

NUMERICAL RESULTS 

Before presenting the explicit comparisons between the 
optimal and suboptimal control of the five foregoing test 
systems, a few general words are in order. In all cases, the 
weighting matrices in the quadratic performance index are 
given by Q k  = Q = I and R k  = R = I. These speaific 
values are not required, but their use minimizes the detail 
of results to be presented. Also, even though the problems 
are treated as fixed final time control systems, the values of 
x( t f )  actually achieved are all close to zero, corresponding 
theoretically to a large value of tf. 

In terms of the figures to be presented, the discrete-time 
control vector plots require special attention. These control 
laws come from the L-Q method of optimal control and 
from all of the suboptimal control methods used in the 
numerical examples. At the beginning of each sampling 
interval, the control variables are determined and held con- 
stant throughout the interval. However, for the plotting of 
the control variables vs. time, smooth curves are drawn 
through the controls at their values at the beginning of 
every time step. 

Computing times mentioned refer to an IBM 7094 com- 
puter and are of the order of magnitude of the times of an 
IBM 1800 on-line computer. Thus, one may extrapolate 
the results here to those needed for an on-line control 
system. 

Numerical data have been kept to a minimum to con- 
serve space, but the interested reader can refer to Weber 
(20)  for explicit values of the states and controls as a 
function of time. 

Finally, we wish to make a point regarding the explicit 
numerical calculation of the performance index. This is 
motivated by the fact that some of the optimal control 
results are based upon a continuous-time index whereas 
the suboptimal control results are based upon a discrete- 
time index. For simplicity, consider x(t) and u(t) as scalar 
functions and the indices 

and 
N N 

k = l  k = l  

Figure 1 shows a hypothetical trajectory of x" vs. t for 
three time steps of equal length 7. Here IC is the area under 
the continuous curve, and ZD is the area under the set of 
steps shown in the figure. Then Ic - I D  is the area be- 
tween the curve and the set of steps. It is possible to show 
that, in general, I D  4 ZC but we shall not pursue this point. 
Of importance is that once the control is specified, either 
Zc or ID can be calculated. 

To discuss the suboptimal controI computationaI results 
we turn to the first linear system. Using tf = 5.0 and c = 

Vol. 17, No. 3 AlChE Journal Page 645 



0.1, we can generate an analytical optimal control result, 
an optimal result using the standard L-Q discrete algorithm 
and a suboptimal result using the FFT algorithm. In ad- 
dition, we have generated a sample and hold answer from 
the analytical solution. We should emphasize that subopti- 
mal control is not needed here as the system is linear and 
the optimal control is known; however, it does serve as 
a convenient test on the suboptimal control. For this 
calcdation, it is assumed that -1/2 t is known only at  
the time corresponding to the state just currently cal- 
culated. 

Table 2 and Figure 2 show some of the results obtained 
on this test system. As anticipated, the optimal control is 
better than the suboptimal result; however, the degree of 
suboptimality is 1.9% on the continuous or the discrete 
basis. Thus, the suboptimal control behaves quite well al- 
though the computing time is slightly higher than for the 
optimal methods. 

From Figure 2 it can be seen that the main place where 
the suboptimal control and the L-Q discrete optimal con- 
trol differ is at the beginning of the control period. In the 
present case we can actually analyze why this difference 
occurs. For the equation solved each sampling period is 

However, the coefficient -1/2 k~ is an eigenvalue of this 
linear equation and, as k goes from 0 to N - 1, this eigen- 
value ranges from 0 to -2.45 (with T = 0.1 and N = 50). 
Thus the free system corresponding to ~1 = 0 becomes 
more stable with each successive step. Because the sub- 
optimal control cannot anticipate this increase in stability, 
an overestimate of the amount of control initially required 
is incurred by the suboptimal procedure. As time increases, 
the suboptimal control policy approaches the optimal 
policy. 

Next we turn to the second test system with t j  = 5 and 
T = 0.1. This is much more complex than the first system 
because the coefficient is a damped sinusoidal function. 
We have two sets of computational results, these being 
with the LQ discrete optimal and the FFT suboptimal 
algorithms. Figure 3 shows a plot of the corresponding 
controls for the two modes of operation. 

As expected, the two controls differ markedly because 
of the time-varying coefficient. In fact, the discrete per- 

TABLE 2. VALUE OF THE PERFORMANCE INDEX FOR 
THE FIRST SYSTEM 

Computing 
Method 1c ID time (sec .  ) 

No control 2.507 
Continuous analytioal 1.596 1.565 
Sample and hold analytical 1.599 1.500 
L-Q optimal 1.597 1.489 
Suboptimal (FFT) 1.626 1.527 70 

I 75 

TABLE 3. VALUE OF THE PERFORMANCE INDEX FOR 
THE THIFID SYSTEM 

Computing 
Method IC ID time (sec. ) 

No control 2.398 
Continuous analytical 1.295 1.217 
Sample and hold analytical 1.296 1.200 

1.311 1.215 
Suboptimal (FFT) 
Suboptimal (ITER) 

0 0.5 1.0 1.5 2.0 2.5 : 
TIME 

Fig. 3. The L-Q discrete optimal control vs. the FFT suboptimal 
control for the second system: ul( t )  vs. t .  

O'O:: 

-0.5 I I I I I I I I I L I I  
0 0.4 0.8 1.2 1.6 2.0 2.4 2.8 3 . 2 3 . 4 5 . 0  

TIME 

Fig. 4. The analytical optimal control vs. the FFT suboptimal control 
for the third system: u l ( t )  vs. t .  

formance indices are 7.075 and 9.187 for the two modes 
yielding a degree of suboptimality of 29.9%. These dif- 
ferences can be explained via a stability analysis analogous 
to that for the first system, but we shall not do so here. 
Computer times are comparable to those for the first sys- 
tem. 

The third test system is a nonlinear system, but one for 
which optimal control by an analytical solution is available 
( 2 0 ) .  Using t f  = 5.0 and T = 0.1, we thus have an analyti- 
cal continuous optimal solution, a sample and hold solu- 
tion, and two suboptimal modes, namely, the FFT and 
ITER algorithms. In the ITER mode the iterations were 
terminated after eight total iterations with the xk and uk 
agreeing with the previous values to within lo+'. 

Table 3 and Figure 4 show some results of these calcu- 
lations. The degree of suboptimality is essentially zero 
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using the FFT algorithm. The ITER algorithm is not quite 
as good, but the suboptimal results are still excellent. 

Having examined the suboptimal control of the three 
test systems, we analyze the CSTR as described by Equa- 
tions (38) to (41), using parameter values of o = 0, 8.9, 
and 20, tf values of 5 and 10, and a 7 of 0.1. Optimal re- 
sults were generated using a quasilinearization algorithm 
whereas suboptimal results were obtained with the FFT 
and IFT modes. For quasilinearization four and five itera- 
tions were needed to achieve convergence when tf was 5 
and 10, respectively. 

Figure 5 shows FFT suboptimal results for o = 8.9 and 
20; Figure 6 compares the FFT suboptimal and the quasi- 
linearization optimal results for o = 20. Next to the points 
in both figures are shown the corresponding values of the 
time of control. Table 4 presents performance index values 
for many of the runs made. As can be seen from all these 
data, the IFT and FFT algorithqs yield identical results. 
In the case of o = 20, the subopwal  results agree almost 
exactly with the optimal results. Thus one concludes that 
the suboptimal algorithms yield excellent approximations 
to optimal control for a fairly complicated system. How- 
ever, the suboptimal is closed loop whereas the optimal is 
open loop. Incidentally, both types of algorithms require 
about the same computation time, 45 to 60 sec. 

Finally, we examine computational results on the non- 
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c 2 -0.04 
c z 
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0 
Z 
0 -0.06 
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c - 
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-0.1 2 
-0.02 0 0.02 0.04 

X 2 ,  TEMPERATURE 
Fig. 5. FFT suboptimal control for CSTR for w = 8.9 and 20. 

w 

0 
0 
0 
0 
8.9 
8.9 
8.9 
8.9 
8.9 
8.9 
20 
20 
20 
20 
20 

20 

TABLE 4. PERFORMANCE INDICES FOR CSTR AS A 
FUNCTION OF w 

40) 
Initial 

conditiono 

on L.C. 
on L.C. 
on L.C. 
on L.C. 

outside L.C. 
outside L.C. 

Method of 
control 

IFT 
IFT 
FFT 
FFT 
IFT 
IFT 
FFT 
FFT 
IFT 
IFT 
IFT 
IFT 
FFT 
FFT 

Quasilinear- 
ization 

Quasilinear- 
ization 

Ic or 
tf ID 

10 lc 
5 Ic 
5 Ic 
5 Ic 
10 Ic 
5 Ic 
5 1.2 

10 Ic 
5 Ic 
10 Ic 
5 Ic 
5 Ic 

10 Ic 

5 Ic 

5 ID 

5 ID 

Index value 

0.009704 
0.009704 
0.009704 
0.009211 
0.005423 
0.005423 
0.005423 
0.004763 
0.010598 
0.010598 
0.003833 
0.003833 
0.003833 
0.003179 
0.003846 

0.003846 

* When w = 8.9, the initial condition N O )  is either on or outside of 
the limit cycle (L.C.). 
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Fig. 6. Optimal and FFT suboptimal control for CSTR for o = 20. 
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Fig. 7. Optimal and IFT suboptimal control for nonlinear absorber. 
State 6 vs. time. 

linear absorber of Equations (42) to (44). Using tf = 10 
and 20 and T = 0.2, optimal control was achieved with 
quasilinearization while suboptimal control was achieved 
with the IFT algorithm. Five iterations were used to 
achieve the quasilinearization optimal control. The type 
of results in Figure 7 shows the behavior of xf,, the 6th 
state variable, as a function of time for the two modes of 
control generation. 

Of primary interest is that for tf = 10, an IC of 0.1281 
was obtained for the quasilinearization mode whereas the 
corresponding value for the IFT suboptimal control was 
0.1284; these, in turn, yield a degree of suboptimality of 
0.2%. Thus, as in the CSTR calculations, the suboptimal 
control yields a feedback type of closed-loop control which 
provides an excellent approximation to the open-loop opti- 
mal control. In a real on-line control system, with partially 
known parameters in the system model, the suboptimal 
control is highly preferred. 

Interestingly, the quasilinearization results in Figure 7 
are given only to tf = 10 whereas the suboptimal control 
reaches either tf  = 10 or tf = 20. This is due to the com- 
putational problems associated with quasilinearization 
when one or more eigenvalues of the linearized equations 
have large absolute values ( 1 5 ) .  Instability thus results at 
large values of time. By contrast, the suboptimal control 
has no such difficulties and can be used with any value of 
tf 

CONCLUSIONS 

These results show that, except for the special case with 
a highly time-varying coefficient, the suboptimal control 
algorithms yield excellent feedback or closed-loop control 
policies. Such results indicate that the approach is suitable 
for a real on-line control system as long as constraints on 
the state or control are not present. In  Part 11, which fol- 
lows, we illustrate how these constraints may be included 
and thus extend the suboptimal algorithms to almost all 
control situations. 
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NOTATION 

A = matrix 
B = matrix 

f = vector 

H = Hamiltonian 
I = identitymatrix 
I/ = scalar performance index 
IC = continuous performance index 
I D  = discrete performance index 
k = integer 
K = feedbackmatrix 
M = vector 
N = integer 
P = matrix of Riccati equation 
Q = weightingmatrix 
R = weightingmatrix 
t = time 
tf = finaltime 
u = controlvector 
x = statevector 
y = vector 
o = proportionality constant in CSTR 
A = controlmatix 
ep  = transitionmatrix 
r = time step size 

g, h, p = scalars 
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